Introduction
Karrass and Solitar proved in [4] that if M is a finitely generated subgroup of a free abstract group F and M contains a non-trivial normal subgroup of F , then the index of M is finite. (See also [3, Section 6] for a graph-theoretic approach, or [2] .) In particular, if the rank of F is infinite, then F does not have such a subgroup. Our goal is to prove an analog of the Karrass-Solitar theorem for free profinite groups of rank at least 2:
Main Theorem. Let F be a free profinite group of rank d 2 and let M be a finitely generated closed subgroup of infinite index. Then M contains no closed non-trivial normal subgroup of F .
Note that the Main Theorem fails if rankðF Þ ¼ 1, since in this case each closed subgroup is procyclic and normal. When rankðF Þ ¼ y, our theorem is an immediate consequence of Haran's Diamond theorem [1, Theorem 25.4.3] , which asserts that if M 1 , M 2 are closed normal subgroups and M is a closed subgroup of F which contains M 1 V M 2 but neither M 1 nor M 2 , then M is a free profinite group of the same rank as F . Indeed let F and M be as in the Main Theorem. Assume that M contains a non-trivial closed normal subgroup N of F . Then F has an open normal subgroup F 0 which does not contain N. Set M 0 ¼ F 0 V M. By the Diamond theorem, M 0 is a free profinite group of infinite rank. On the other hand, as an open subgroup of M, M 0 is finitely generated. We deduce from this contradiction that no subgroup N as above exists.
We do not know whether the Diamond theorem holds for free profinite groups of finite rank [1, Problem 25.4 .9]*, and so we cannot use it to prove our Main Theorem. Instead we supply a direct proof for finite rank by using the Nielsen-Schreier theorem combined with a trick of Lubotzky and van den Dries. Having done that, we reduce the case of infinite rank to the case of finite rank. In this way we supply a complete proof of the Main Theorem without using the Diamond theorem.
The Main Theorem improves the following result of Lubotzky, Melnikov and van den Dries: if F is a free profinite group of a finite rank e d 2, M is a closed subgroup of F of infinite index, N is a non-trivial closed normal subgroup of F contained in M, and M 0 is an open subgroup of M which does not contains N, then M 0 is isomorphic to the free profinite groupF F o of rank @ 0 . The theorem of Lubotzky, Melnikov and van den Dries handles only the case where M ¼ N, that is, it requires that M is normal in F ; see [1, Proposition 24.10.3] .
Our Main Theorem has a field-theoretic application. Let K be an e-free PAC field, M an infinite separable algebraic extension, and M 0 a proper finite Galois extension of M not contained in the Galois closure of M=K. Then M 0 is Hilbertian. This is an analog of a theorem of Weissauer (see [1, Theorem 13.9 .1]), in which K is assumed to be Hilbertian rather than PAC and e-free.
The trick of Lubotzky and van den Dries
Let F be a free profinite group of finite rank e d 2 and N a closed normal subgroup of F of infinite index. If rankðF =NÞ < rankðF Þ, then, by the Nielsen-Schreier theorem, rankðEÞ À rankðE=NÞ tends to infinity with ðF : EÞ, where E ranges over all open subgroups of F containing N. Every finite embedding problem for N can be lifted to a finite embedding problem of an open subgroup E of F containing N and having a large index. Since E is free, one can solve the embedding problem for E in such a way that it will give a solution to the embedding problem for N. Applying a well-known result of Iwasawa (see [1, Proposition 24 We denote the free profinite group of rank e byF F e . 
Lemma 2.2. Let F ¼F F e with e d 2, and let M be a closed subgroup of F of infinite index, and N a closed normal subgroup of F contained in M. Suppose that rankðF =NÞ < e: ð1Þ
Proof. By a result of Iwasawa (see [1, Corollary 24.8.3] ), it su‰ces to prove that each finite embedding problem for M is solvable. Therefore let 
Extend j to an epimorphismj j : E ! A by definingj jðe 0 yÞ ¼ jð yÞ for all e 0 A E 0 and y A M. In particular, Kerðj jÞ ¼ E 0 . By 
. . . ; m, extends to an epimorphismg g : E ! B with a g g ¼j j. Proof. First we replace M by M 0 N, if necessary, to assume that
. By the Nielsen-Schreier theorem, F 0 is free of degree at least 2. Replace F by hF 0 ; Mi, if necessary, to assume that hF 0 ; Mi ¼ F and A theorem of Roquette allows us to transfer Proposition 2.3 to an analog of Weissauer's theorem in which K is not Hilbertian but rather PAC and e-free. Here we say that a field K is PAC if every absolutely irreducible variety over K has a K-rational point. The field K is e-free, if its absolute Galois group GalðKÞ is isomorphic toF F e . Theorem 2.5. Let e d 2 be an integer, K an e-free PAC field, M an infinite separable algebraic extension of K, and M 0 a finite extension of M not contained in the Galois closure of M=K. Then M 0 is PAC, GalðM 0 Þ GF F o , and M is Hilbertian. Theorem 2.6. Let e d 2 be an integer, K an e-free PAC field, M an infinite separable algebraic extension of K, and N a Galois extension of K containing M. Suppose that rankðGalðN=KÞÞ < rankðGalðKÞÞ. Then M is PAC, GalðMÞ GF F o , and M is Hilbertian.
Melnikov formations
A family C of finite groups is called a Melnikov formation if it is closed under taking quotients, normal subgroups, and extensions. Each element of C is called a C-group; projective limits of C-groups are pro-C groups. See [1, § §17.3, 17.4] for a discussion of Melnikov formations and free pro-C groups.
When we speak about a free pro-C group of rank m for a Melnikov formation C, we tacitly assume that C has a non-trivial group of rank at most m; see [1, Remark 17.4.7] . 
and soK K=ðM M 1 VK KÞ 2 C. By [1, Lemma 17.4 .10],M M 1 VK K ¼K K, so thatK K cM M 1 and
Thus G is a quotient of M 0 , as claimed. Now suppose that M 0 is a pro-C group. ThenM M 0 =K K G M 0 is also a pro-C group. The argument of the preceding paragraph shows that ifM M 1 is an open normal sub- Proof. Since C is closed under taking quotients, C contains a simple group S, and hence S n A C for each positive integer n. If S G Z=pZ for some prime number p, then rankðS n Þ ¼ dim F p ðZ=pZÞ n ¼ n and we are done. Assume that S is non-abelian and there exists an integer e with rankðS n Þ c e for all n. Then S n is a quotient ofF F e for each n. On the other hand, n is bounded by jD e ðSÞj=jAutðSÞj, where D e ðSÞ is the set of all ðx 1 ; . . . ; x e Þ A S e with hx 1 ; . . . ; x e i ¼ S; see [1, Lemma 26.1.2]. It follows from this contradiction that rankðS n Þ is not bounded. r
The results that we have now proved give a pro-C analog of the Karrass-Solitar theorem: Theorem 3.3. Let C be a Melnikov formation of finite groups, F a free pro-C group of rank at least 2 and M a closed subgroup of F of infinite index containing a non-trivial closed normal subgroup N of F . Then M is not finitely generated.
Proof. The group F has an open normal subgroup F 0 which does not contain N. Thus M 0 ¼ F 0 V M is an open normal subgroup of M which does not contain N. By Proposition 3.1, every C-group is a quotient of M 0 . Hence, by Lemma 3.2, M 0 is not finitely generated. Consequently, M is not finitely generated. r Proposition 3.1 has many more consequences:
Remark 3.4. Let C, F , M, M 0 , and N be as in Theorem 2.3. By that theorem, every C-group is a quotient of M 0 . Therefore, not only M is finitely generated but M is not a small group; see [1, §16.10] . Moreover, M is not a pro-B group for any Melnikov formation B properly contained in C. In particular, if C contains finite non-abelian groups, then M is not pro-solvable, so that M is non-abelian. If C contains non-pgroups, then M is not a pro-p group.
We could also deduce those consequences from [1, Proposition 24.10.4 and Theorem 25. 4.7] . The advantage of the present approach is that in the infinite case we are applying only simple means based on the Lubotzky-van den Dries trick and do not use the Diamond theorem.
